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What is information? 



How to quantify information and complexity:  
‘Twenty Questions’ 

220 = 1,048,576 persons can be coded. 



Information coding 

• A good first question is "Are you a man?". Whatever 
the answer is, we'll be able to cut the possibilities 
down by half.  
 

• It's like trying to catch a lion by building fences 
halfway across a field - whichever side of the fence 
it is on, each time it gets half as much space.  
 



Information coding 

• Writing out the whole tree (on a big piece of paper!), we'd 
have a way of representing each of 1,048,576 people as a 
sequence of 0s and 1s. These 0s and 1s are called bits.  
 

• We call this a coding of the people (when information theorists 
talk about coding, we don't mean secret codes like the German 
Enigma - that's a different area of maths, called cryptography). 



Huffman Coding 
• At each stage, we bracket together the symbols 

with the lowest probabilities, and re-order the list. 
It's easiest to understand with an example.  

• Suppose we have 5 letters: A appears with 
probability 1/2, and B,C,D,E appear with 
probability 1/8 each.  
 

• The simplest coding would be to pick 5 sequences 
of 3 bits each, and match them up with letters; say 
A = 000, B = 001, C = 010, D = 011, E = 100. 
Then the average letter would take 3 bits to 
describe. However, we can do much better than 
this, using the Huffman coding.  
 



• we can represent this in a tree, and again, we can read off the 
labels; A = 1, B = 011, C = 010, D = 001, E = 000. So, if we 
send a random letter, it will take on average 

  
(1/2) ×1 + (1/8) ×3 + (1/8) ×3 + (1/8) ×3 + (1/8) ×3 = 2bits to 
describe.  

 
• Moving from 3 bits to 2 bits is what we call data compression. 

By exploiting our knowledge of the probabilities, we can save 
space.  
 

• Even better, if we encode more than one letter, this method 
gives a decipherable message; for example, if someone stores 
the message 01101011000011, they can later break it apart 
(starting from the left) into 011/010/1/1/000/011 or BCAAEB.  



Entropy and Information 

There's a limit to how much you 
can compress a balloon full of air, 
because the molecules in the air 
can't be pushed into nothing. In 
the same way there is a universal 
limit to how much we can 
compress data. This amount of 
"stuff" in the file is called its 
entropy.  
 

 
A Mathematical Theory of Communication 
Bell System Technical Journal, 27: 379-423, 623-656 (1948)  
http://cm.bell-labs.com/cm/ms/what/shannonday/paper.html 

 

Claude Shannon (1916-2001) 

http://cm.bell-labs.com/cm/ms/what/shannonday/paper.html�


Information 
• Shannon gave a general formula for the entropy. If the letters have 

probabilities p(1), p(2), p(3)… p(r), we will need at least  
  
• bits to express an average letter (the log2 means a logarithm to base 

2). This suggests that if a letter has probability p(s), we should try 
and encode it with a sequence of about (-log2 p(s)) bits.  
 

• In the example above,  
• H = -1/2 ×(-1) - 1/8 ×(-3) - 1/8 ×(-3) - 1/8 ×(-3) - 1/8 ×(-3) = 2,  
• so the Huffman coding really is the best possible.  
• The entropy measures "how random something is". By calculating 

the entropy, we can see that the result of a fair 50%/50% coin toss 
(with entropy of 1) is "more random", and therefore harder to 
compress than a biased 90%/10% coin (with entropy of 0.46899).  
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Entropy 



What is the attractor? 



Phase space 







How can we reconstruct an attractor 
in the phase space? 



Detecting chaos in experimental data 
• Bottom-up approach  
    We can apply nonlinear dynamical system methods to the 

dynamical equations, if we know the set of equations 
governing the basic systems variables.  

• Top-down approach 
• However, the starting point of any investigation in 

experiments is usually not a set of differential equations, 
but rather a set of observations.  

• The way to get from the observations of a system with 
unknown properties to a better understanding of the 
dynamics of the underlying system is nonlinear time series 
analysis.  

• Starting with the output of the system, and working back 
to the state space, attractors and their properties.  



General strategy  
of nonlinear dynamical analysis 

• Nonlinear time series analysis is a procedure that 
consists of three main steps:  

• (i) reconstruction of the system’s dynamics in the state 
space using delay coordinates and embedding 
procedure. 

• (ii) characterization of the reconstructed attractor using 
various nonlinear measures  

• (iii) checking the validity (at least to a certain extent) 
of the procedure using the surrogate data methods. 



Delay coordinate and Embedding procedure 

• With embedding, one time series are converted to a series 
or sequence of vectors in an m-dimensional embedding 
space.  

• If the system from which the measurements were taken 
has an attractor, and if the embedding dimension m is 
sufficiently high, the series of reconstructed vectors 
constitute an ‘equivalent attractor’ (Whitney, 1936).  

• Takens has proven that this equivalent attractor has the 
same dynamical properties (dimension, Lyapunov spectrum, 
entropy etc.) as the true attractor (Takens, 1981).  

• We can obtain valuable information about the dynamics of 
the system, even if we don't have direct access to all the 
systems variables. 



Stam, 2005 
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Takens has shown that, if we measure any single variable 
with sufficient accuracy for a long period of time, it is 
possible to reconstruct the underlying dynamic structure 
of the entire system from the behavior of that single 
variable using delay coordinates and the embedding 
procedure.  

Takens’ Embedding theorem (1981) 



Time-delay embedding 

• We start with a single time series of observations. 
From this we reconstruct the m-dimensional vectors by 
taking m consecutive values of the time series as the 
values for the m coordinates of the vector.  

• By repeating this procedure for the next m values of 
the time series we obtain the series of vectors in the 
state space of the system.  

• The connection between successive vectors defines the 
trajectory of the system. In practice, we do not use 
values of the time series of consecutive digitizing steps, 
but use values separated by a small ‘time delay’ d.  



Parameter choice 

• Time delay d: a pragmatic approach is to choose l equal to 
the time interval after which the autocorrelation function 
(or the mutual information) of the time series has dropped 
to 1/e of its initial value.  

  
• Embedding dimension m: repeat the analysis (for instance, 

computation of the correlation dimension) for increasing 
values of m until the results no longer change; one 
assumes that is the point where m>2d (with d the true 
dimension of the attractor).  
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Attractor Reconstruction from 
physiological time series 

attractor 

Jeong, 2002 



How to quantify dynamical states of physiological systems 

Physiological  

     system 

States 

Physiological 
Time series 

Embedding procedure (delay coordinates) 
1-dimensional time series → multi-dimensional dynamical systems 

Attractor  

in phase space 

Dynamical measures (L1, D2) 

A deterministic (chaotic) 
system 

Topologically 
equivalent 
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Nonlinear measure: correlation dimension (D2)  



Nonlinear measure: correlation dimension (D2)  

Correlation integral 

attractor 

Scaling region 



Nonlinear measures: The first positive Lyapunov exponent 
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Attractor network 

• In general, an attractor network is a network of nodes (i.e., 
neurons in a biological network), often recurrently 
connected, whose time dynamics settle to a stable pattern.  
 

• That pattern may be stationary, time-varying (e.g. cyclic), or 
even stochastic-looking (e.g., chaotic). The particular pattern 
a network settles to is called its ‘attractor’.  



Attractor network 

• In theoretical neuroscience, different kinds of attractor neural 
networks have been associated with different functions, such 
as memory, motor behavior, and classification.  
 

• Describing networks as attractor networks allows researchers 
to employ methods of dynamical systems theory to 
quantitatively analyze their characteristics (e.g. stability, 
robustness, etc.).  



Stability of the attractor networks 

• More precisely, an attractor network is a set of N network 
nodes connected in such a way that their global dynamics 
becomes stable in a D dimensional space, where usually 
N>>D.  
 

• This assumes that there is no additional external input, and 
that stability indicates that the network state resides, over 
time, on some D-manifold (e.g., line, circle, plane, toroid, 
etc.). 





Biological interpretations of 
attractor networks  

• Because neural networks can implement any nonlinear 
dynamical system, they can implement any attractor 
network.  
 

• Of greatest interest to computational neuroscientists is 
determining which attractors are relevant for 
understanding information processing in biological 
systems.  



Biological interpretations of 
attractor networks  

• Stable, persistent activity has been thought to be important 
for neural computation at least since Hebb (1949), who 
suggested that it may underlie short-term memory.  
 

• Amit (1989), following work on attractors in artificial neural 
networks, suggested that persistent neural activity in 
biological networks is a result of dynamical attractors in the 
state space of recurrent biological networks.  
 

• This seminal work resulted in attractor networks becoming a 
mainstay of theoretical neuroscience. In addition, there is 
increasing evidence that many brain areas act as attractor 
networks (e.g., Wills et al. 2005). 
 























Point attractors  

• Point attractor networks are usually considered in two 
regimes. In the first, input to the network is used to change 
(i.e., learn) the connection weights such that the network is 
in a determinate, stable state after the input is removed.  
 

• In the second, learned weights remain fixed, and the network 
is probed with both familiar and unfamiliar input. Familiar 
inputs result in an expected output (i.e., a trained fixed point), 
and unfamiliar input results in the output whose basin of 
attraction the unfamiliar input is in.  
 
 





Basin of attraction 



Point attractor 

• If the state during and after a given input are different, then 
the network is said to act as an associative memory 
(associating the input with the subsequent fixed point after 
input is removed).  
 

• If the state during and after input is the same, the network 
will usually act as a content addressable memory, and can 
perform pattern completion. This occurs because the basins 
of attraction for distinct fixed points will tend to vary 
smoothly between points. As a result, similar patterns will 
tend to similar fixed points.  

• In this way, such networks are also often said to categorize 
their inputs, with one category for each possible fixed point.  



Line attractors  

• Specific line attractors are called neural integrators. The 
terms 'line attractor' and 'neural integrator', while often 
used interchangeably, describe the difference between the 
network state space and the attractor space.  
 

• These networks are called 'integrators' because the low-
dimensional variable (e.g., horizontal eye position) x(t) 
describing the network's output reflects the integration of 
the input signal (e.g., eye movement velocity) v(t) to the 
system. That is, x(t)=∫v(t) or x ˙ (t)=v(t)  





Ring attractors  

• Since the mid 1990s, ring attractors have been proposed as 
a model of the rodent head direction system (Zhang 1996). 
This network, which includes several regions of the rodent 
limbic system, indicates the current head direction of an 
animal, and receives velocity information as input.  

• As a result, its function seems to be to integrate the 
velocity command to determine (head) position, just like 
the neural integrator in the oculomotor system.  
 

• Head direction is a cyclic variable. As a result, the attractor 
is a ring, rather than a line in the network state space.  
 



Plane attractors  

• A more general interpretation of plane attractors is as 
function attractors: i.e., attractors for which stable points are 
functions of some underlying variable.  
 

• This interpretation is important because networks that have 
sustained Gaussian-like bumps of activity have been found 
in various neural systems, including the head direction 
system, frontal working memory areas, visual feature 
selection areas, arm control systems, and path integration 
systems.  
 

• In each case, the stable state is a 'hill', 'bump', or 'packet' of 
activity which is most naturally interpreted as a function of 
some underlying variable(s). 
 







Cyclic attractors  

• Cyclic attractors are natural descriptions of repetitive 
biological behaviors such as walking, swimming, flying, or 
chewing.  
 

• In short, because cyclic attractors can describe oscillators, and 
many neural systems exhibit oscillatory behavior, it is natural 
to use cyclic attractors to describe oscillatory behavior in 
neural systems.  
 

• The interpretation of repetitive biological behavior in terms of 
oscillators is at the heart of most work on central pattern 
generators (CPGs). However, the characterization of these 
oscillators at the network level as attractors is less common, 
although it as been done both for swimming and walking.  





Chaotic attractors  

• It has long been suggested that chaos or chaotic attractors 
may be useful for describing certain neural systems.  
 

• For example, Skarda and Freeman (1987) hypothesize that 
the olfactory bulb, before odor recognition, rests on a 
chaotic attractor. They suggest that the fact that the state is 
chaotic rather than merely noisy permits more rapid 
convergence to limit cycles that aid in the recognition of 
odors.  
 

• The existence of chaos in neural systems is the subject of 
much debate, and is extremely difficult to verify 
experimentally.  
 





Using attractor networks  
• As the complexity of computational models continues to 

increase, attractor networks are likely to form important sub-
networks in larger models. This is because the many clear 
information processing abilities of attractor networks (e.g., 
categorization, integration, memorization, etc.) makes them 
good candidates for being some of the basic building blocks 
of large-scale brain models. 
 

• One significant challenge to understanding how such 
networks can be exploited by larger biological systems is to 
determine how attractors can be controlled. Control may 
amount to simply moving the network state to another point 
on an established attractor, or it may demand completely 
changing the kind of attractor the network is implementing 
on-the-fly (e.g., changing from a point to a cyclic attractor).  
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